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Abstract
In 1985 William Thurston conjectured that conformal mappings
could be approximated using infintessimal circles. With this, the
area of mathematics called Cirle Packing was born. The advantage of this technique is that it gives a computational method of
understanding manifolds. In particular, we attempt to gain some
insight of complex tori via Circle Packing. In practice, it is difficult
to imagine what these tori look like. Computational techniques of
Circle Packing will help us visualise these tori as points in moduli
space by beginning with an initial triangulation of the torus. We
then experiment with triangulations on a set number of vertices.
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Chapter 1

Topological And Algebraic
Conditions of the Complex Torus
1

Topology of the Torus

Our discussion relies on a thorough understanding of the torus. We,
therefore, consider the most elementary model of the torus. To construct a torus, we take a rectangle and glue together the opposite
edges so that orientation is preserved. What is meant by orientation
here, is that we do not twist the rectangle before gluing. Figure
1.1 details this construction. If, however, we do twist the rectangle,
we have then constructed a klein bottle. By doing either of these
constructions we have created a surface.
Definition 1 Surface: A topological space in which every point has
a neighborhood that is equivalent to a disk.
The difference in these surfaces is that the torus is an orientable
surface, where as the klein bottle is a non orientable surface. Note
that by the construction of these surfaces neither have a boundary,
so it useful for us to think about the surfaces as rectangles. (In fact,
any topological rectangle will do.)
Although the understanding of topological properties were formalized later, this model has the key components inherent to all
1

Figure 1.1: Classical construction of the torus

models described later. The reader is assumed to have some knowledge of a topological space.
We say that a surface S is triangulable if it can represented as a
union of triangles so that:
1. Each edge of a triangle T1 is also an edge of some triangle T2.
2. Each vertex of a triangle is a vertex of another triangle.
3. For any point p on S is either located in some triangle, on an
edge or is a vertex.
In particular, it is well known that the torus is a compact triangulable surface and that the torus can then be covered by disks. This
is a key idea, since we will be approximating a torus with circles in
our experiments. We will be constructing a torus from its triangulation so we will need to be sure that the surface is in fact a torus.
We mentioned that both a klein bottle and torus can be constructed
2

by identifying sides of a rectangle, so we need some extra tools that
will distinguish these surfaces.
The usual way of distinguishing the torus from any other topological surface is by using some triangulation. Euler had shown that
the certain properties of a triangulation are topologically invariant
when comparing surfaces. Let V = the number of vertices, F =the
number of faces (triangles) and E = the number of edges of the
triangulation. Euler discovered that, for the triangulated torus, the
triangulation with V , E, F must satisfy the equation
(1)

V −E+F = 0

More precisely let S be the surface, we say the Euler characteristic, χ(S) = V − E + F , for the triangulated torus χ(S) = 0 . Note
that this holds for any triangulation. One must be careful, since
the equation also holds true for surfaces that are equivalent to the
Klein bottle, therefore another method is needed to distinguish these
surfaces. This is best understood by their construction from gluing
topological disks together.
The genus of a surface counts the number of handles the surface
has. From a topological standpoint, all orientable genus 1 surfaces
are tori. We see that the genus, g, can be obtained from the Euler
characteristic from the following formula.

(2)

g =1−

χ(S)
2

These facts: an Euler characteristic of 0, orientated surface with
no boundary, and a genus of 1, uniquely identifies a surface as a
torus.
Despite the ambiguity, the Euler equation gives us a wealth of
information about the possible triangulations.
3

Theorem 1 Let K be a triangulation of a compact connected surface. Let χ be the Euler characteristic of this surface then
1. 3F = 2E
2. E = 3(V − χ)
3. V ≥

√
7+ 49−24χ
2

This result gives us some combinatorial conditions for the torus
which will be later used in computations. For example, the theorem
requires that the minimum number of vertices needed to triangulate
the torus is 7. Let vi be the ith vertex, then deg(vi) counts the
number of edges that extend from vertex vi.
Corollary 1 Let Kn be a triangulation of a torus with n P
vertices.
i)
=
Let deg(vi) be the degree of vertex vi then the average degree, deg(v
n
6.
P
We wish to show that the
deg(vi) = 6n where n is the number
of vertices. By Theorem 1, we have that the number of edges is 3
times the number of vertices. Each edge is connected to two vertices,
P
hence
deg(vi ) = 2 · (3V ) = 6n.
Figure 1.2 is triangulation of the torus on the rectangle. This is
the minimal triangulation with 7 vertices. Note that this triangulation can not be drawn in the plane without edges crossing.

2

Modular Groups and the Fundamental Region

Suppose we use the rectangle model of the torus. Let a be the
euclidean length of one edge and b the length of the other edge and
choose integers m, n. If we lay out all possible rectangles of the form
ma + nb, we will have covered the plane with congruent rectangles.
We say that the plane is the universal cover of the torus. We can
4
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Figure 1.2: Triangulation of the torus on the rectangle

impose a complex structure on the rectangle by choosing the complex
plane as the universal cover in an appropriate way. The result is a
complex torus.
Complex tori are constructed in the familiar way by identifying
the the opposite edges of a quadrilateral. However, we impose a
complex structure on this quadrilateral. In other words, the quadrilateral lives in the complex plane and inherits a complex structure.
As an example let us choose the origin as one corner of our quadrilateral, and (0,1) as the second corner to form a normalized base
of length 1. We then choose a complex number τ in the upper half
plane and τ +1 to form the the third and fourth corners respectively.
We build our quadrilateral and identify the opposite edges so that
orientation is preserved to create the complex torus. We shall call
the parallelogram formed the fundamental cell. Figure 1.3 is a complex torus associated with the parameter τ and Figure 1.4 shows the
fundamental cell filling out the plane C.
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Figure 1.3: The fundamental cell of a complex torus
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Figure 1.4: The fundamental cell of a complex torus
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Definition 2 Let γ1 and γ2 be two quadrilateral regions. If there
is an analytic function f : γ1 → C such that f is 1-1 and f maps
corners to corners, then the two regions are said to be conformally
equivalent.
By imposing a complex structure, the parameter τ will allow us
to generate infinitely many conformally inequivalent structures by
different choices of τ . Hence, we are able to construct many (in the
conformal sense) distinct tori.
Let ω be a complex number in the upper half plane and let L be
the lattice L = Z ⊕ ωZ. This lattice has many copies of the parallelogram that will cover the complex plane as a tiling. A complex
torus is formed by moding out by this lattice, in symbols the torus
T = CL . We are interested in constructing the fundamental cell that
is in the upper half plane starting at the origin with normalized base
of length 1. This allows us to identify a complex torus by the value
of τ
In practice, we will make use of the properties of modular groups.
Let ω1 and ω2 be two complex numbers called the primitive periods
in the upper half plane and let L = ω1 Z ⊕ ω2Z be the lattice formed
by the two parameters. Again, the goal here is to construct the
fundamental cell. From this information alone, we can calculate the
fundamental region for the torus. We do so by calculating the period
ratio so that, if ω1 , ω2 6= 0 and ω1, ω2 are not real multiples of each
other then:
(3)

ω=

ω2
,
ω1

By the choices ω1 and ω2 , we can create fundamental regions that
are not conformally equivalent, thus creating many different complex
tori. We note that every complex torus arises from some choices of
ω1 and ω2 . Of course, some choices of ω1 and ω2 might also produce
7

tori that are equivalent. It is sometimes impossible to tell if a set
of period ratios are equivalent. We have the following theorem to
distinguish when we have conformally equivalent tori in terms of just
their period ratios.
Theorem 2 Conformal Equivalence: Two tori are conformally
equivalent if and only if:
• their period ratios are related by a linear substitution ω →


a b
such that a,b,c,d ∈ Z and
=+
− 1
c d

ωa+b
ωc+d

• there is a 1:1 analytic map from one torus onto the other.
The set of all substitution of this type form a group. This group
is the well known modular group P SL(2, Z). We note that the two
generators for this group are ω → ω + 1 and ω → −1
ω .
Each complex torus can be thought of as a set of points in the
complex plane that are equivalent under P SL(2, Z). A fundamental
cell Ω, is a region of the upper half plane C, such that any two period
ratios in Ω are not equivalent under P SL(2, Z) but, contains all
confroamlly distinct complex tori. That is, we want a geometrically
nice region where all complex tori live. Figure 1.5 is a cell in which
all conformally inequivalent complex tori are represented as points.
The proof of this can be found in [14]. We will call the period ratio
of a torus the conformal
√ modulus τ if τ ∈ Ω1 where Ω1 = {x, y such
−1
1
that 2 < x ≤ 2 , y ≥ 1 − x2}.
We mention here √that Ω1√ is a hyperbolic triangle whose three
corner points are 1+2 3i , −1+2 3i and the point at infinity. We will
later measure the distance between two points in Ω1 using the hyperbolic metric. Notice that left boundary is a dotted line to suggest
that each point on the right boundary has an equivalent on the left
boundary under P SL(2, Z).
In Figure 1.6, we show that it is not uncommon to calculate a
period ratio that is not contained in Ω1. The two linear substitutions
8
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Figure 1.5: The shaded region of Ω1
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Figure 1.6: Tessellation of the upper half plane via the two generators

τ → τ + 1 and τ → −1
τ applied to Ω1 will generate equivalent regions
and in fact will form a tessellation in the upper half plane. Hence, if a
period ratio ω is calculated in a region that is not Ω1, its conformally
equivalent period ratio (conformal modulus) τ can be found in Ω 1
by applying a sequence of the two substitutions as needed. See the
appendix for how this is computed via computer. This region is
known as the modulus space.
3

Teichmüller Space, Graph Theory and Flipping

Teichmüller theory is a way of understanding the set all the possible complex structures on a space. More accurately, it is a way
to understand the space of marked conformal structures of a Riemann surface. Suppose we take a torus whose conformal modulus
is τ ∈ Ω1 where τ = ωω21 and we have a drawn a simple closed curve
on the surface. If we apply a continuous twist to the opposite sides
of the curve, we have made a change in the marking on the surface;
10

without changing the conformal modulus.
We would like to associate a particular complex torus with exactly one point. We do this by constructing the fundamental region
called the moduli space. In this case, the moduli space is a subspace
of Teichmüller space. As we apply a twist, we move continuously
through regions of the tessellation between points that are equivalent under P SL(2, Z). The advantage of considering the conformal
modulus in Teichmüller space is that we are able to measure the
deformations of a complex torus.
The type of deformation we want to consider is called a Whitehead
move. This is intuitively described as an edge flipping operation of
the triangulation of a complex torus. At this point, it may not be
clear whether such an operation will produce a conformally inequivalent torus. As we have shown earlier, a triangulation gives a wealth
of information about a surface. It is not surprising, therefore, that
different triangulations that satisfy the conditions of triangulating a
torus could give rise to different complex tori.
Definition 3. Let K be the triangulation of the torus. Let v1 , v2, v3,
v4 be vertices that form a quadrilateral Q in the clockwise direction
and suppose there is only one diagonal inner edge e. Without lose of
generality, suppose e is the diagonal edge between v1 and v3.Then a
Whitehead move f on K, written as f (K), removes e and replaces
it with the edge on the opposite diagonal between v2 and v4.
We illustrate a whitehead move on a quadrilateral region in figure
1.7 Note that the the number of vertices, edges and faces stays the
same, but that K and f (K) differ only in one edge. Typically, a
Whitehead move will produce a triangulation whose point in moduli space is different from the original. We consider the following
example of this type of deformation. Let Kn be the initial triangulation of a torus on n vertices and τ0 ∼ Kn be the initial computed
conformal modulus in moduli space associated with Kn. We apply a
11
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Figure 1.7: Performing a Whitehead move on quadrilateral

Whitehead move f (Kn) then recalculate the conformal modulus to
obtain f (Kn) ∼ τ1.
An important result is that if given an initial triangulation Kn of
a torus with n vertices, we may obtain every other possible triangulation of a torus with the same number of vertices by a sequence of
Whitehead moves.
Theorem 3 (Dewdney) Let K 1 and K 2 be two different triangulations of the torus on n vertices, then K 1 and K 2 are equivalent under
some sequence of Whitehead moves.
Let Γn be the set of all conformal moduli derived from the triangulations of complex tori on n vertices. Often, the cardinality of Γ n
is not known. The theorem says we may obtain every triangulation
from a given initial triangulation via Whitehead moves. This implies
if we apply enough Whitehead moves to the initial triangulation we
will eventually be able to find all elements of Γn by calculating the
conformal modulus associated with each new triangulation. One
goal would be to find the cardinality of Γn by applying a sufficient
number of Whitehead moves. Theorem 3 guarantees, that at least
theoretically this is possible.

12

Chapter 2

Some Basic Circle Packing Ideas
Circle packing was developed as a method to approximate classical
conformal mappings. We will use this method to study complex
tori. Loosely speaking, a circle packing is a collection of circles
in the plane with a predetermined pattern of tangencies. A flower
consists of a center circle tangent to and surrounded by circles called
the petals. On the surface of a torus every circle will be the center
of a flower. Let us formally define these notions:
Definition 4.
Circle packing: Is a collection C of circles in the plane that is
the union of flowers satisfying the following properties:
1. Every circle is the center of some flower.
2. Whenever F1 , F2, F3 are successive petals of the flower with
center C, then F3 , C, F1 must be successive petals of the flower
F2 .
3. Any two circles can be connected by a finite chain of circles in
which each is a petal of its predecessor.
If C is a circle packing, then the carrier of C is a geometric 2
complex formed by connecting the centers of circles with an edge if
they are tangent to one another. This information is encoded as an
13

abstract complex called K which is equivalent to the carrier of C.
If a collection of circles satisfies Definition 4 and K is the complex
associated with this collection then, we denote PK to be the circle
packing of K. We will often refer to K as a graph and in this our
case as a triangulation of the surface of the torus. Throughout this
text we will use interchangeably triangulation, complex and graph,
since in this context they are usually the same thing. We note that
by the definition of a circle packing, the basic unit is going to be
a triple of circles. Note that for a triple of circles the underlying
complex for those circles is going to be a triangle.
We can represent a triangulation as a triangulated quadrilateral
as was shown in Figure 1.2. We can then identify the opposite
edges just as we did for the topological torus. If a surface can be
triangulated, then there exists a circle packing as we describe here.
Theorem 4 Let K be a triangulation of a torus, then there exists an
univalent circle packing PK and further PK is unique up to conformal
automorphisms.
This actually is a corollary of the general result of the Circle
Packing Theorem. Since all the triangulations are coming from the
same surface of genus 1, all of the packings, PK , are going to be
realized in the euclidean plane. We can then impose a complex
structure as described in chapter 1.2.
This theorem is crucial, since we want to use the theory of circle packing to approximate the conformal moduli of complex tori.
We would have difficulties, for example, if the tangency conditions
could not be met. The theorem, however, will guarantee that the
combinatorial information from a triangulation will always produce
a packing. The complex K will completely determine a set of radii,
denoted R, so that the conditions of definition 1 are satisfied.
Definition 5 Packing Label: A label for R for K is called a packing label if there exists a circle packing PK so that PK ∼ K(R).
14

To avoid any ambiguity, definition 5 suggests that we are talking about univalent packings here. That is, we do not allow the
overlapping of circles to obtain this tangency. Equivalently, for any
triangulation K with packing label R of the torus, the angle sum of
any vertex v denoted φ(v) satisfies φ(v) = 2π. On the surface of the
torus, no one circle can be too large and no one circle can be too
small since we must satisfy these conditions.
Theorem 5 (Ring Lemma) Let vi(r) be the ith vertex with radius r
and v2 ..vn be the petals of v1. For a flower with n ≥ 3 petals there
exists a constant c such that vi(r) ≥ c.
We noted earlier that every vertex on the surface of a torus is
associated with the center of a flower since there is no boundary
component. This lemma also suggests that vi (r) can’t be too big (or
too small for that matter) for exactly the same reason.
Once a packing has been created from the abstract combinatorial information, we have created a surface whose modulus can be
measured. We have associated a surface with a specific triangulation. An alternative way of finding a complex torus associated with
a given triangulation is by constructing a surface with equilateral
triangles.
Definition 6 If K is the abstract triangulation of a torus, the Riemann surface associated with this is called an equilateral surface
denoted by K ≈ τ .
If the number of vertices for the triangulation are decided upon,
then we will obtain a discrete number of triangles from the triangulation. All of our triangulations are derived from a torus and since
a conformal structure is imposed upon the equilateral surface the
resulting object is a piecewise affine torus.
The purpose here, is to construct a piecewise affine torus associated with the given complex K. We will begin with a well known
15

triangulation K∗ that will allow us to construct new triangulations.
Manipulating the triangulations will produce (usually) a different
piecewise affine surface since the new triangulation will produce a
new packing label which will likely change the conformal modulus
. Each of the triangulations will be an approximation of the classical conformal torus. In order to get a better approximation we
0
can create a new triangulation K by simply applying a hexagonal
subdivision to K. This is achieved by adding to each triangle of the
triangulation a vertex to the middle of each edge and connecting the
vertices with new edges so that each face is broken into 4 new faces.
Figure 2.1 shows 2 stages of this subdivision.
Additional hex refinements will produce finer circle packings, which
in turn, give a better approximation to the continuous conformal
structure as the following theorem suggests.[4]
Theorem 6 Let K be an initial triangulation with associated conformal modulus τ as an equilateral surface (K ≈ τ ). Let K n be the
nth stage of hex refinement and let τn be the conformal modulus associated with K n via circle packing. Then as n → ∞ the conformal
modulus of the refinements approach the conformal modulus of the
equilateral surface, that is τn → τ ∈ Ω1.

Figure 2.1: 2 stages of hex refinement
16

Chapter 3

Computational Experiments
1

How the Value of τ is Calculated

Some explanation is needed in combining the ideas from topology,
algebra and circle packing. In these experiments we begin with
the combinatorial data derived from a triangulation of a topological torus. We can then think of this geometrically as a piecewise
equilateral surface whose conformal modulus we wish to approximate. In practice, actually calculating the approximation of the
conformal modulus τ for a given triangulation was virtually impossible. The previous chapter suggests that if given a triangulation
then all such triangulations on a fixed number of vertices are able
to be realized via Whitehead moves. Hence, for each triangulation
the first goal was to simply be able to calculate the approximate
conformal modulus τ . A software package called CircleP ack, developed by Kenneth Stephenson, was used in conjunction with newly
developed algorithms that compute τ .
We describe here the process used in approximating the conformal
modulus given only the abstract combinatorial information. Let
Kn be the complex derived from a triangulation with n vertices.
Kn must satisfy the combinatorial conditions of a torus: an euler
characteristic of 0, orientable and a genus of 1 with no boundary
component; all of which can be checked computationally. From this
17

information alone CircleP ack is able to produce a packing, which is
guaranteed by (the packing theorem) to exist. This is accomplished
by letting the circles adjust in radius until the required tangencies
are satisfied. A detailed description of a circle packing algorithm
can be found in [5].
Figure 3.1 shows the triangulation from figure 1.2 and the associated circle packing (the bold circles). Since we are trying to draw
the triangulation in the plane, we have some edges that are overlapping. A typical display of the circle packing will have “ghost” circles.
These are simply copies of circles already laid out. We notice for instance that there are three vertices labeled (7). This points to the
fact that there is no boundary and so the ”ghost” circles are there to
obtain the proper radii for its neighbors. We observe that, the first
circle is located at the origin and we choose for some other circle to
be located at i, hence the relative location of these ghost circles are
important since they are going to help calculate the period ratios.
Once we have obtained the packing, we want to calculate the
side pairing maps. We first need to define a quadrilateral region
by taking copies of the packing and covering the upper half plane
via translations. Figure 3.2 shows the side pairing maps of a circle
packing and how applying 30 random flips on each triangulation
results in (usually) new period ratios.
We know, in fact that this will tile all of C. We choose a vertex
from the original packing and choose 3 of the same vertex number
in the translated packings. This will form our fundamental cell. We
then take the euclidean distance between the two vertices that form
the base ω1 and the two vertices that form the side ω2 and calculate
the period ratio ω = ωω21 in the upper half plane. Notice that this
process will work independent of the region we choose. There are
instances when this will give us a region in the lower half plane but
this can be avoided by choosing vertices that form the fundamental
region to have positive real and imaginary parts.
18

We have now calculated ω in the upper half plane. Our next goal
is to calculate τ = x +√iy so that τ ∈ Ω1 where Ω1 = {x, y such
that −1
< x ≤ 21 , y ≥ 1 − x2}. Again, there are many values of
2
ω which are conformally equivalent and the relation between them
forms a group. We are interested in using the generators, ω → ω + 1
and ω → −1
ω on ω until value τ ∈ Ω1 is obtained. In Figure 1.6 is
the tessellation that shows the possible regions where each value of
ω can live. For each group action we perform on ω, we move from
one cell to the other. The group action of ω → −1
ω has the effect of
moving ω away from the real axis if real |ω|2 < 1. In other words,
the imaginary part increases. To see this let ω = x + iy, then this
is applied, we have
implies that if ω → −1
ω
(1)

ω=

(2)

ω=

−1
x − iy
·
→
x + iy x − iy
−x
i·y
+ 2
2
+y
x + y2

x2

The other groups action allows us to shift laterally left and right.
Note that we are computationally guaranteed to find ω = τ ∈ Ω
since we are using generators. One main concern is that we lose
accuracy every time we perform the group action ω → −1
ω . However,
this can be minimized by good chooses of an initial ω. Appendix 1
has the pseudo code for the algorithm to calculate τ .
In order to check accuracy, we first calculate a known value of τ .
It is easy to check that a complex K7 with 7 vertices such that every
vertex has degree 6 triangulates
a torus. The associated conformal
√
1+ 3i
modulus of K7 is exactly 2 . Note that this was a corner point of
the region Ω1. An accuracy of 12 decimal places was achieved when
approximating the modulus of this torus via CirclePack.
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Figure 3.1: Circle packing of K7
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(a)

(b)

(c)

(d)

Figure 3.2: The different fundamental regions for a triangulation on 24 vertices with 30
random flips applied to each triangulation.
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2

Enumerating the Number of Tori on n Vertices

Now that we calculate the conformal modulus of a piecewise equilateral torus we would like to understand the relationships between
the different values of τ we obtain on a set number of n vertices.
The values are computed via CirclePack in the following way.
Typically we start with an arbitrary complex Kn where n ≥ 7 such
that Kn is a bona fide triangulation of a torus. One goal was to
enumerate the number of distinct τ on a set of n vertices by performing Whitehead moves on Kn . We had used the result previously
that said every possible triangulation on n vertices can be obtained
by a sequence of flips. Therefore, a brute force method of finding
many of the distinct triangulations (and hence distinct values of τ )
is to perform random Whitehead moves and calculate the conformal
modulus after each flip.
One problem we encounter, of course, is that we are not sure when
we should stop looking. We can obtain an upper limit on the number of triangulations by considering the number of non-isomorphic
graphs (complexes) on a set on n vertices. This, however, is a gross
upper estimate since for n = 7 there are 1044 non-isomorphic graphs
but exactly one graph that triangulates a torus. It is worth noting
why this is true. In order to satisfy the conditions that average
deg(vi) = 6 for i = 1..7 where vi is the ith vertex, we choose the
triangulation that has constant degree 6 for all vertices. Suppose we
believe we can find another triangulation of the torus. Applying a
Whitehead move on the constant degree six triangulation means two
vertices will become degree 5 and two vertices will become degree 7.
Clearly in order for a vertex to have degree 7 there must be at least
8 vertices (the vertex itself plus the seven edges extending from it)
but, there are only 7 to begin with; a contradiction. Hence, there is
exactly 1 triangulation with n = 7
K7 is an important complex. Since there is exactly one triangula22

tion with 7 vertices, we shall call this the
base complex K7∗ and the
√
associated conformal modulus τ ∗ = 1+2 3i . For our computations,
it is convenient to have a starting location and so we will construct
new triangulations from K7∗. We do this by applying a epicentric
subdivision.
Definition 7 Let T be a topological triangle with vertices v1, v2 and
v3. An epicentric subdivision of T adds a vertex p to the face of
T and adds 1 edge to each of v1 , v2 and v3 from p.
As an example, let us apply one epicentric subdivision (see Figure
3.3). That is, we can add to any face a vertex. We now add 3 more
edges. Notice that this adds 3 more faces but that we have also
taken away one of the original faces for a net gain of two faces.
This subdivision still triangulates the torus but does not change the
conformal modulus.√We shall call this K8∗ with associated conformal
modulus of τ ∗ = 1+2 3i .
For n > 7 it becomes increasingly difficult to count the number of
complex tori on a given set of vertices. In other words, we are trying
to compute all possible conformal moduli on a set of n vertices. An
upper bound would be the number of non-isomorphic graphs on n
vertices that can be embedded on the surface of a torus that also
triangulate the torus.
Poyla developed a method of counting the number of non-isomorphic
graphs on n vertices. This method seemed cumbersome in trying to
count the triangulations of the torus. However, if we assume that
number of graphs on n vertices that triangulate the torus is proportional to the number of graphs on n vertices we can use this as an
approximation. Table 3.1 suggests that the ratio of non isomorphic
graphs between n = 8 and n = 7 is about 12 and then about doubles
after that.
The approach we use here in trying to count the number of triangulations was to start with Kn∗. More precisely, we are trying to
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Figure 3.3: Epicentric subdivision applied to K 7∗
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count the number of different conformal moduli that can be obtained
via whitehead moves (flips). In order to accomplish this goal, we will
try a brute force approach using CirclePack. We take Kn∗ and apply a random flip f (Kn∗). We then calculate the conformal modulus
of f (Kn∗) and obtain τ1 . We repeat this process as needed. Since
we know there are a finite number of triangulations, by applying
enough flips, we could eventually enumerate them all. For n=8 we
obtained 12 unique values of τ . (See Figure 3.4). This was achieved
by applying 5000 random flips. Since the points in modular space
are symmetric this is a good indication that we are done. Notice
that the ratio of triangulations from n=8 to n=7 is exactly 12 which
is the ratio for all graphs as presented in table 3.1.
This opens up many questions of uncertainty. What would be a
sufficient number of random flips needed in order to obtain every
value of τ ? How can we be certain that 2 values of τ that are close
are in fact computationally different? First, we know that every
value of τ can be obtained by applying Whitehead moves to the
associated complex. This will at least guarantee that with enough
computational time, we can achieve all values. It is not suggested
that this method of random flips is the most efficient. Also, if the
number of triangulations of a torus of n vertices were known, we
would at least know when to tell CirclePack to stop doing flips. As
for the second question, we attempt to answer this in the following
sections.
Table 3.1: Ratio of graphs with n+1 vertices vs n vertices
vertices
7
8
9
10
11

graphs
1044
12346
274668
12005168
1018997860
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ratio
11.826
22.248
43.708
84.880
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Figure 3.4: 5000 random Whitehead moves on K 8∗

In figure 3.4 we applied 5000 whitehead moves to K8∗. In repeated
trials we obtained only twelve unique points in Ω1.
3

Calculating the Distance of Flips

The method of counting is interesting in that it calculates large
numbers of conformal moduli on a set on n vertices. We venture to
investigate the relationship of the values of τ obtained via Whitehead
moves. Given a complex Kn and it associated conformal moduli
τ ∈ Ω1 , it often hard to predict what the conformal moduli of f (Kn)
will be after a move. We expect that as n gets large, a Whitehead
move will yield only a small change in the conformal moduli.
Theorem 7 For any initial triangulation on n vertices there exists
a sequence of Whitehead moves so that
√ the new triangulation has the
1+
conformal modulus equal to τ ∗ = 2 3i
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This is clear since we know we may take K7∗ and apply as many
epicentric subdivisions as necessary until we obtain Kn∗. Then we
apply Theorem 3 that says any two triangulations with n vertices
are equivalent under Whitehead moves.
A natural question to consider is, what is the maximum value of
τ that may be obtained on the set of n vertices? In other words we
are looking for the extremal situations. We will measure this relative
to τ ∗ which could be thought of as the minimum conformal modulus
of the set of all complex tori.
Definition 8 The maximal conformal modulus on the set of all
triangulations on n vertices is τ 0 where τ 0 = max d(τ, τ ∗) for τ ∈ Γn
|1−τ ·τ¯∗ |+|τ −τ ∗ |
and d(τ, τ ∗) = log |1−τ̄·τ
∗ |−|τ −τ ∗ |
Finding the complex that generates the maximal conformal modulus is much like searching for the maximal of a function. One technique, such as a greedy like algorithm might be employed. This is
possible since we know every triangulation can be realized and so it
is possible to compute all possible conformal moduli. The potential
problem is in finding the correct sequence to go from one triangulation to another, in particular the one that produces the maximal
conformal modulus. It could be that a greedy like algorithm will
only produce a locally maximal conformal modulus. However, observations from the random flipping scheme resulted in the following
conjectures.
Conjecture The maximal value of τ on a given set of triangulations on n vertices is obtained by the constant degree 6 triangulation,
in symbols deg(vi) = 6 for i = 1..n.
Conjecture The triangulations whose conformal modulus is τ ∗ =
√
1+ 3i
has the maximum number of vertices with degree 3
2
This was observed in the following way. One easy way to construct
initial triangulations was to use a hexagonal packing. This packing
is well known to cover the plane. If a quadrilateral region is taken
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and the opposite sides are identified as described earlier, then as long
as all the combinatorial conditions are met, we have constructed a
triangulation of a torus such that deg(vi) = 6 for all vertices. The
initial conformal modulus is then calculated. Next, we applied the
random flipping scheme. The following observations were noted:
1. Let τ1 = x1 + iy1 be the initial conformal modulus of the
constant degree triangulation. The Imag(τn) of conformal modulus
for subsequent random flips decreased and in fact never exceeded y 1.
2. The values of τ would tend to cluster around τ∗ as the number
of random flips increased.
There are two concerns that might put first conjecture in jeopardy.
First, is it possible to always triangulate a torus with n vertices such
that deg(vi) = 6 for all vertices? Second, how can we be certain that
this in fact the maximal conformal modulus.
The first concern was to ensure that a triangulation of the torus
on n vertices with constant degree of 6 for every vertex could be
found. The literature has alluded to the fact that this seems to be
the case, however, a reference to a proof has not been found. There
are several strategies that show promise but to err on the side of
caution we propose the following conjecture
Conjecture Let n ≥ 7 and n ∈ N. There exist a triangulation
Kn of the torus, so that that degree of each vertex is equal to 6.
The second question might be answered by an application of the
Ring Lemma. Let K be the complex (triangulation) of the torus.
An application of the Ring Lemma suggests that no circle can be
too large or too small since all circles will live on the surface of a
torus (which has no boundary). Typically as the degree of a vertex
increases the radii must decrease in order to satisfy all of the tangency conditions. Hence, it might reason that the constant degree 6
triangulation would give the optimal (maximal) conformal moduli.
The second conjecture was observed by noting that we are able
to construct new triangulations by applying epicentric subdivisions
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to K7∗. This is adding a vertex each time we apply the subdivision
rule and in fact adding a vertex of degree 3. Flipping away from
this triangulation will not produce a new triangulation that has any
more vertices of degree 3 than the previous triangulation. We are
constrained by Euler’s formula for the torus and the fact as part of
a circle packing every degree of every vertex must be greater than
or equal to 3.
If we apply a Whitehead move to a triangulation, how significant
a change in the conformal modulus can we expect? If we assume
that the previous conjecture is true, we make another conjecture.
Conjecture Let τ1 be the initial conformal moduli of some triangulation Kn on n vertices and let τ2 be the conformal moduli after
applying a Whitehead move (flip) to Kn . If τ ∗ (n) is the maximal
conformal modulus on this set of n vertices then d(τ1, τ2) ≤ d(τ1n,τ ∗)
This conjecture tries to measure how far we might wander after
n flips. Heuristically, we are trying to measure the “conformal flip
distance” in Ω1. We might use this idea to find a triangulation that
has a predetermined conformal modulus. Suppose you wanted to
find an triangulation that has a conformal modulus of τ . We need
to figure out the minimum number of vertices this triangulation will
have. Therefore, we need to make sure that imag τ ∗ (n) ≥ imag τ
before we begin. If we start off with the triangulation associated
with the maximal conformal modulus, which we conjectured, is the
constant 6 degree triangulation, then the conjecture will tell us the
minimum number of flips we need to perform. To increase accuracy
we need just apply hexagonal subdivisions to the triangulation and
apply the conjecture again. This can be performed as needed. Note
that be apply the subdivision we greatly increase the number of vertices needed and so the rate of computation should rise in proportion
to this.
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4

An Application to Graph Theory

The technique of using CirclePack to take combinatorial information
and assign to it a number in the complex plane, via the computation
of the conformal modulus, gives a powerful tool to say something
about complexes. In graph theory, it is often desired to be able to
distinguish between two graphs. Formally, a graph is a pair of sets
(V,E) where V is non empty and E is a set of unordered pairs of
elements of V. We are only considering graphs that triangulate the
surface of a torus.
A planar graph is a graph that can be drawn in the plane so that
no edges are crossing. The graphs we consider, while not planar
when drawn in the plane, are planar when drawn on the surface of
a torus. We say that this graph is embeddable. Note that we are
considering graphs that are embeddable on the surface of the torus
but also triangulate the surface.
For V > 8, there are many such non isomorphic graphs in the
plane that when drawn on the torus, will triangulate the torus. Let
K 1 and K 2 be two graphs that that satisfy this condition and that
both have the same number of vertices V. We can calculate the
conformal moduli of K 1 and K 2 then if two different moduli are
computed then clearly the two graphs could not be the same.
Theorem 8 Let K 1 and K 2 be two triangulations of the torus and
suppose the conformal moduli are respectively τ1, τ2 and that τ1 6= τ2
then K 1 is not isomorphic to K 2.
The converse is not true. In fact, many graphs that are non isomorphic (for example, have different number of vertices) will result
in having the same conformal modulus. We gave an example earlier
where if we take a graph and apply a epicentric subdivision it does
not change the modulus. Again, the strength of this idea stems from
the fact that we are able to identify each graph with a number in the
30

complex plane. We would like to improve upon this idea in order to
make this a stronger invariant.
One idea has to do with irreducible graphs. Suppose we have two
graphs K 1 and K 2, if after we calculate the moduli τ1 and τ2 and
conclude that τ1 = τ2, we then can say nothing about those graphs.
However, we have mentioned that applying epicentric subdivision
does not change the modulus. Therefore, taking out vertices (and
edges connected to them) that have degree 3 should not change the
modulus. We can now apply this technique to K 1 and K 2. Clearly,
if we remove different numbers of vertices then K 1 would not be
isomorphic to K 2. Upon removing these vertices we are left with new
0
0
graphs K 1 and K 2 . We then apply the same procedure as needed
until we no longer have degree 3 vertices. The reduced graphs will
still need to triangulate the torus. It is possible that the conformal
modulus for these have changed if this process is repeated more than
once. Figure 3.5 illustrates this process.
A major issue that still surfaces, from a computational standpoint, is that if two moduli are “close”, how can we be certain that
they are in fact the same (or different for that matter). This still
needs to be resolved.
K

K’

K’’

Figure 3.5: 2 stages of reduction in a triangulation
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Chapter 4

Examples
Here we have a few examples of the data sets that were collected.
It has been only recently that some of these were possible. The
random flipping introduced some new computational problems that
had not been considered. My adviser, Ken Stephenson worked some
long hours in tracking down some of these problems. CircleP ack
seems to have been improved by these experiments.
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5000 Whitehead moves
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Figure 4.1: This is believed to be all possible conformal moduli on 8 vertices
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5000 random flips on 9 vertices
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Figure 4.2: We might be tempted to think that we have computed all values of τ ,
however, if one looks closely, we see that this plot is not symmetric with respect to the
imaginary axis.
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10,000 random flips on 9 vertices
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Figure 4.3: It took 10,000 flips to get the last one. (As far as we can tell.)
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1

10,000 flips on 24 vertices
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Figure 4.4: Here are some larger experiments. We noted that the number of random
flips needed to finish computing all values of τ would be very large.
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50,000 random flips on 24 vertices
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Figure 4.5: A larger number of random flips on 24 vertices.
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3

10,000 flips on 64 vertices
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Figure 4.6: Although there are only 10,000 flips we get an idea of how large the conformal
muoduls might be.
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1

Pseudo Code for Calculating τ

This code is used to calculate the approximate conformal modulus
of a given triangulation of a torus.
• Read in triangulation
• Check the combinatorics to ensure that the triangulation is a
torus.
1. Check that the Euler characteristic is 0.
2. Check that the genus is 1.
3. Check that the surface is orientable.
• Calculate the side pairings maps, ω1 , ω2, etc. by translating
copies of the circle packing in the plane.
• Calculate ratios and choose ω that has positive real part.
• While the absolute value of the real part of ω (ω.re)
p is greater
1
than 2 or the imaginary part (ω.im) is less than 1 − (ω.re)2:
≤ ω.re ≤
1. Add or subtract an integer to ω so that −1
2
This is using the algebraic condition ω → ω + 1.

2. Calculate ω →

−1
ω .

• Return τ
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1
2

.

2

Pseudo Code for Random Flipping of a Triangulation
on a Frixed Number of Vertices

This code was written so that we could perform random whitehead
moves on a triangulation. The purpose of this was to examine how
many different values of τ might come up through this random process. We know, in fact, that we could generate every possible value
on a fixed number of vertices if given enough computational time.
• Enter in the triangulation and number N of whitehead moves
(flips) to perform.
• Count the number of vertices V for the triangulation. The vertices will be labeled v1, v2 etc..
• Calculate the initial conformal modulus τ .
• For i = 1 to N . We want to choose two vertices vp , vq so that
an edge e={ vp, vq } is part of the current triangulation.
1. Choose a random integer p from 1 to V . vp will be the first
vertex chosen. We now need to choose a neighbor of vp . Let
d = deg(vp). The neighbors of vp are arranged as a flower
(see chapter 2) for j = 1 to d.
2. Choose a random integer r from 1 to d. We set the r th petal
as vp . Example, suppose p = 5, we have vertex 5 as our
initial vertex. Suppose the deg(v5)=4 with neighbors {v7 v8
v9 v12} we choose a random integer from 1 to 4 say 2. So
vq = v8 .
3. Check that the flip will be legal by making sure that a vertex
of degree 3 is to be flipped. Flip {vp ,vq }.
4. Calculate the conformal modulus.
5. Return τ .
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3

Proposed Pseudo Code for Finding the Maximal Conformal Modulus

Much of the developed theory hinged on knowing the maximal conformal modulus. We conjectured that this was the constant 6 degree
triangulation. We further conjectured that there is always one. Here
is a scheme that may work in finding this triangulation. There is no
guarantee that this may not loop infinitely.
• Enter the triangulation. (Check that this is a triangulation of
a torus)
• Count the number of vertices and set = V .
• While the degree of any vertex is not equal 6:
1. For i = 1 to V choose vp so that deg vp is the largest. If
there are multiple ones choose the first. (It may be better
to choose one randomly if there are many to choose from)
2. Now pick a neighbor of vp, say vq so that the deg vq is the
smallest. If there are multiple ones choose the first. (Again,
it may be better to choose one randomly if there are many
to choose from)
3. Flip {vp,vq }.
• Return τ and the triangulation.
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